MINIMAL $K$-TYPE WHITTAKER FUNCTIONS OF DISCRETE SERIES OF SOME $\mathbb{R}$-RANK 1 LIE GROUPS(Non-Commutative Analysis on Homogeneous Spaces) by 谷口, 健二
Title
MINIMAL $K$-TYPE WHITTAKER FUNCTIONS OF
DISCRETE SERIES OF SOME $\mathbb{R}$-RANK 1 LIE
GROUPS(Non-Commutative Analysis on Homogeneous
Spaces)
Author(s)谷口, 健二




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
MINIMAL $K$-TYPE WHITTAKER FUNCTIONS OF
DISCRETE SERIES OF SOME $\mathbb{R}$-RANK 1 LIE GROUPS
$6^{\backslash }’\square$ $\ovalbox{\tt\small REJECT}=$ ( $Ke\mathfrak{n}ji$ TANIGUCHI)
0.
$G$ Lie $G=KAN$ $\eta:Narrow \mathbb{C}^{x}$ $N$
$C^{\infty}(G/N;\eta):=\{\phi:G^{C^{\infty}}arrow \mathbb{C}$ ; $\phi(gn)=\eta(n)^{-1}\phi(g)$ $(g\in G, n\in N)\}$
$G$ $(\pi, W)$ $G$
$(\pi, W)$ $C^{\infty}(G/N;\eta)$ $(\pi, W)$ Whittaker model
Whittaker model - $th$ $(\pi, W)\delta^{a1_{2}^{\wedge}}C^{\infty}(G/N;\eta)$ intertwining
operator $\iota$
$G$ $Sp(1,1),$ $SU(3,1),SU(4,1)$ $(\pi,W)$
$W$ minimal $K$-type $\iota$
(minimal K-type Whittaker ) explicit




$g:G$ Lie $9\mathbb{C}$ : $g$ $g^{*}:g$
$B($ , $)$ : $9\mathbb{C}$ Killing $\pi^{J},/:r\pi$
$G=KAN,g=t+a+\mathfrak{n}$ : $M=Z_{K}(a)$
$\theta$ : $g$ Cartan involution $9\mathbb{C}$
$g=t+\mathfrak{p}$ : Cartan
$\{\subset e$ : Cartan
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$\triangle_{n}=\triangle-\triangle_{C}$ :




$($ , $)$ :Killing ,
$<,$ $>$ : coupling
$E$ : $(i,j)$- 1 $0$
2 . Whittaker model
$\langle$
$\Lambda\in$
(1) $(\Lambda, \alpha)\neq 0$ for any $\alpha\in\triangle$
(2) $\Lambda+\rho\}h$ K-integral




$(i=1, \ldots, l)$ $\triangle_{\text{ }}^{+}$ $<st_{\grave{J}}\triangle$ positive systems
$\Xi_{i}=\{\Lambda\in\Xi_{c};(\Lambda,$ $\alpha)>0$ for any $\alpha\in\triangle_{i}^{+}\}$
$\Xi$ 1 $W_{c}$-orbit K-dominant
6& $\grave$ $\Xi_{c}/W_{c}=\bigcup_{i=1}^{l}$ $\bigcup_{i=1}^{l}$ $G$ Harish-Chandra
$\Lambda\in$
$\lambda=\Lambda+\rho i-2\rho_{C}$




$N$ $K$ $(\tau, V)$
$\backslash C_{\tau}^{\infty}(K\backslash G/N;\eta)$
$=\{f$ : $G^{c_{-}^{\infty}}\mathbb{C};f(kgn)=\eta(n)^{-1}\tau(k)f(g)(k\in K, g\in G, n\in N)\}$





$($ $Lx_{1} \phi(g)=\frac{d}{dt}\phi(\exp(-tX_{i})g)|_{t=}o(g\in G))$
$arrow$
$C_{\tau}^{\infty}(K\backslash G/N;\eta)$ $C_{r\otimes Ad}^{\infty}(K\backslash G/N;\eta)$ $K$
$(\tau_{\mu}, V_{\mu})$ highest weight $\mu$ $K$ $\lambda$ $G$
Blattner $\Lambda\in\Xi_{i}$
$(\tau_{\lambda}, V_{\lambda})\otimes(Ad, \mathfrak{p}_{\mathbb{C}})\simeq(\tau_{\lambda}^{+}, V_{\lambda}^{+})\oplus(\tau_{\lambda}^{-}, V_{\lambda}^{-})$
$( \tau_{\lambda}^{\pm}, V_{\lambda}^{\pm},)=\bigoplus_{\alpha\in\Delta \text{ _{}n}}m(\alpha)(\tau_{\lambda\pm\alpha}, V_{\lambda\pm\alpha})$
$(m(\alpha)=0,1)$
$P:(\tau_{\lambda}, V_{\lambda})\otimes(Ad, \mathfrak{p}_{\mathbb{C}})arrow(\tau_{\lambda}^{-}, V_{\lambda}^{-})$
$(\tau_{\lambda}^{-}, V_{\lambda}^{-})$ projection operator $P$
$\mathcal{D}_{\tau_{\lambda},\eta}=P\circ\nabla_{r_{\lambda},\eta}$ : $C_{r_{\lambda}}^{\infty}(K\backslash G/N;\eta)arrow C_{r_{\lambda}^{-}}^{\infty}(K\backslash G/N;\eta)$
$\mathcal{D}_{r_{\lambda},\eta}$







$Hom_{(\mathfrak{g}c,K)}(\pi_{\Lambda}^{*}, C^{\infty}(G/N;\eta))\ni\iota\Leftrightarrow F^{\iota}\in Ker\mathcal{D}_{r_{\lambda},\eta}$
$\pi_{\Lambda}^{*}$ a minimal K-type vector $v^{*}$
$\iota(v^{*})(g)=<v^{*},$ $F^{\iota}(g)>$ $(g\in G)$
$G=Sp(1,1)$ $\ G=SU(n, 1)$ minimal K-type Whittakei
$\mathbb{R}$-rank 1 $\vee$
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$G$ $\mathbb{R}$-rank 1 $a^{*}$ $f\in a^{*}$ $\Sigma^{+}=$
$\Sigma^{+}(\mathfrak{a}, g)=\{f\}$ $\{f, 2f\}$ nc
$(X, Y)=-B(X, \theta Y)$ $(X, Y\in \mathfrak{n}_{\mathbb{C}})$
$N$
$\hat{N}$ /-lg $f*$
$\eta(\exp X)=\exp(<\sqrt{-1}\xi, X>)$ $(X\in \mathfrak{n}, \eta\in\hat{N}, \xi\in g_{f}^{*})$
$\hat{N}$
$($ , $)$
$M$ $\hat{N}$ $\eta\mapsto\eta^{m}(m\in M)$ $\eta^{m}(n)=\eta(m^{-1}nm)(n\in N)$
$\ovalbox{\tt\small REJECT} F$
$\mathbb{R}$-rank $G=1$ $G$ $SL(2, \mathbb{R})$ $M$ $S(\hat{N})=\{\eta\in$
$\hat{N};(\eta, \eta)=1\}$











$J_{2}=(\begin{array}{ll}0 1_{2}-1_{2} 0\end{array}),$ $K_{11}=(\begin{array}{llll}-1 00 00 01 00 0-1 00 0 0 l\end{array})$
$G=Sp(1,1)=\{g\in SL(4, \mathbb{C});tgJ_{2}g=J_{2}, tgK_{11}\overline{g}=K_{11}\}$
$Sp(1,1)$
$\epsilon \mathfrak{p}(1,1)=\{X\in\epsilon 1(4, \mathbb{C});^{t}XJ_{2}+J_{2}X=0^{\ell}XK_{11}+K_{11}\overline{X}=0\}$
$K=\{(\begin{array}{llll}a_{1} 0 b_{1} 00 a_{2} 0 b_{2}-\overline{b}_{1} 0 \overline{a}_{1} 00 -\overline{b}_{2} 0 \overline{a}_{2}\end{array});a,$ $b\in \mathbb{C},$ $|a_{i}|^{2}+|b_{i}|^{2}=1\}$




$t=\{\sqrt{-1}diag(x, y, -x, -y);x, y\in \mathbb{R}\}$
$\{c$ $T_{1}=E_{11}-E_{33},$ $T_{2}=E_{22}-E_{44}$ $\{e_{1}, e_{2}\}$
$e_{i}(T_{j})=\delta_{ij}$
$\triangle=\{\pm 2e_{1}, \pm 2e_{2}, \pm e_{1}\pm e_{2}\}$
$\Delta$ $=\{\pm 2e_{1}, \pm 2e_{2}\}$




1 $=\{\Lambda=\Lambda_{1}e_{1}+\Lambda_{2}e_{2};\Lambda_{1}>\Lambda_{2}>0, \Lambda_{i}\in \mathbb{Z}\}$





$-X\mathfrak{p}=\{$ $( \frac{0z0\frac}{w}$ $0 \frac{z0}{w}$ $-\overline{z}w00$ $\frac{w0}{0}\overline{z});z,$ $w\in \mathbb{C}\}$ $*$







$2’ V_{\lambda-\text{ _{}1}+}$ $2)$







$\Sigma(a,g)=\{\pm 2f\}$ $f\in \mathfrak{a}^{*}$ $f(H)=1$
$bf_{0}’\Sigma^{+}(\alpha,g)=\{2f\}$ $\mathfrak{n}=g_{2f}$ $\Gamma$ $Y_{1}=\sqrt{-1}(\begin{array}{lll}1 -1 1-1 1 1-1 -1\end{array})$ ,
$Y_{2}=(\begin{array}{lll} 1-1 1 -11 1-1 -1\end{array}),$ $Y_{3}=\sqrt{-1}(\begin{array}{lll} 1-1 -1 1-1 1-1 1\end{array})$ $\Re$
$arrow$- $p_{\grave{\grave{a}}}$
$\eta\in\hat{N}$
$(*)$ $\eta(\exp(x_{1}Y_{1}+x_{2}Y_{2}+x_{3}Y_{3}))=e^{\sqrt{-1}x_{1}\xi}$ $(x_{i}\in \mathbb{R}, \xi\in \mathbb{R}>0)$
$\mathbb{R}>0\ni a\mapsto\exp((\log a)H)\in A$
highest weight $m\in \mathbb{Z}_{\geq 0}$





$=(01$ $-10$ $x=(00$ $01$ $\overline{x}=(\begin{array}{ll}0 01 0\end{array})$







$\phi$ $K$ $N$ $G=KAN$
$A$ $\phi\in Ker\mathcal{D}_{\tau_{\lambda},\eta}$ $\mathcal{D}_{r_{\lambda},\eta}$ A-radial















-2( $1$ ) $(l+1)c_{k+1,l+1}(a)=0$
$(l+1)(a \frac{d}{da}+\frac{\xi}{a^{2}}+2+2k+\lambda_{2}-\lambda_{1})c_{k,l+1}(a)$
$-2$( $\lambda_{1}$ $1$ ) $(\lambda_{2}-l)c_{k-1,l}(a)=0$
$(0\leq$ $\leq\lambda_{1},0\leq l\leq\lambda_{2}-1)$
$c_{\lambda_{1}+1,l}(a)=c_{-1,l}(a)=0$
(1) $N$ $\zeta$ $\Lambda\in\Xi_{1}$
$\dim H_{om_{(9c,K)}}(\pi_{\Lambda}^{*}, C^{\infty}(G/N;\zeta))=2(\lambda_{2}+1)=2\Lambda_{2}$
(2) $N$ $\eta$ $(*)$ $\phi(g)=\sum_{k=0}^{\lambda_{1}}\sum_{l=0}^{\lambda_{2}}c$ $g)v_{k}^{\lambda_{1}}\otimes v_{l}^{\lambda_{2}}$















(1) $N$ $\zeta$ & $\Lambda\in\Xi$2
$\dim Hom_{(\mathfrak{g}c,K)}(\pi_{\Lambda}^{*}, C^{\infty}(G/N;\zeta))=2(\lambda_{1}+1)=2\Lambda_{1}$
(2) $N$ $\eta$ $(*)$ $\phi(g)=\sum_{k=0}^{\lambda_{1}}\sum_{l=0}^{\lambda_{2}}c_{kl}(g)v_{k^{1}}^{\lambda}$ $v_{l}^{\lambda_{2}}$









$SU(n, 1)$ $g$ $K$
$g=5U(n, 1)=\{X\in s\downarrow(n+1,\mathbb{C});$ $I_{n,1}+I_{n,1}X=0\}$








$\triangle=\{e_{i}-e_{j};1\leq i\neq j\leq n+1\}$
$\Delta_{c}=\{e_{i}-e_{j};1\leq i\neq j\leq n\}$
$\Delta_{c}^{+}=\{e_{i}-e_{j};1\leq i<j\leq n\}$




$\triangle_{k}^{+}\Leftrightarrow\Pi_{k}=\{e_{1}-e_{2}, \ldots, e_{k-1}-e_{n+1}, e_{n+1}-e_{k}, \ldots, e_{n-1}-e_{n}\}$
$\triangle_{n+1}^{+}\Leftrightarrow\Pi_{n+1}=\{e_{1}-e_{2}, \ldots, e_{n-1}-e_{n}, e_{n}-e_{n+1}\}$
$K$ $U(n)$ $u(n)$
Cartan $=\text{ ^{ }}$ $\sum_{i=1}^{n}$ $\mathbb{R}$ $(E_{ij}^{\vee}=(\delta_{ki}\delta_{ij})_{kl}\in u(n)\otimes_{\mathbb{R}}\mathbb{C}=$













$K$ highest weight $\lambda=\sum_{i=1}^{n}\lambda_{i}e_{i}’$
$(\tau_{\lambda}, V_{\lambda})\otimes(Ad, \mathfrak{p}_{\mathbb{C}})\simeq\oplus^{n}(\tau_{k}^{+}, V_{k}^{+})\oplus\oplus^{n}(\tau_{k}^{-}, V_{k}^{-})$
$i=1$ $i=1$
$(\tau_{k}^{\pm}, V_{k}^{\pm})=(\tau_{\lambda\pm e_{1}\pm\cdots\pm}$
$k-1\pm 2$ $k\pm\cdots\pm e_{n}’ V\lambda\pm e_{1}\pm\cdots\pm$ $k-1\pm 2$ $k\pm\cdots\pm e_{n})$
$\frac{E_{1,n+1}+E_{n+1,:}}{2\sqrt{n+1}},$ $\sqrt{-1}\frac{E_{i.n+1}-E_{n+1,:}}{2\sqrt{n+1}}$ $(1\leq i\leq n)$ $\mathfrak{p}$
$\nabla_{\tau x,\eta}$
$H=E_{n,n+1}+E_{n+1,n}$ $\mathbb{R}H=a$ $\mathfrak{p}$ $f\in a^{*}$
$f(H)=1$ $\Sigma(\alpha,g)=\{\pm f, \pm 2f\}$ $\Sigma^{+}(a,g)=\{f, 2f\}$
$g_{f}$
$X_{i}=E_{in}-E_{i,n+1}-E_{ni}-E_{n+1,i}$ $(1\leq i\leq n-1)$




$(**)$ $\eta(\exp(i$ $(xi,yi,w\in \mathbb{R}, \xi\in \mathbb{R}>0)$
$\mathbb{R}>0\ni a\mapsto\exp((\log a)H)\in A$
$K\simeq U(n)$ highest weight $\mu=\ovalbox{\tt\small REJECT}\mu ie_{i}’(\mu i\in \mathbb{Z}, \mu i\geq\mu i+1)$ $K$
$i=1$
$(\tau_{\mu}, V_{\mu})$ Gel’fand-Zetlin $GZ(\mu)=\{Q\}$
$u(n)$ $g1(n, \mathbb{C})$ Gel’fand-Zetlin
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highest weight $\mu=\ovalbox{\tt\small REJECT}\mu ie_{i}’$ $K$ $V_{\mu}$
$i=1$
$Q=(qij)=(q1,nq2,nq_{1,n-1}q_{2,n-.1}..\cdot.\cdot.\cdot q_{n-1,n-1}q_{1,2}..q_{2,2}q_{1,1}q_{n-1,n}q_{n,n})$
$\{\begin{array}{l}q \text{ } J^{-qi,j-1}\in \mathbb{Z}_{\geq 0}qi,j-1^{-}qi+1,l^{\in Z_{\geq 0}}qi,n=\mu i(1\leq i\leq n)\end{array}$




$\sigma_{ij}$ : $Q$ $qi,j$ $q$ $+1$
$\tau_{ij}$ : $Q$ $qi,j$ $q$ 1 $f$.




$Sp(1,1)$ $\phi(g)\in Ker\mathcal{D}_{r_{\lambda},\eta}$ $\phi|_{A}\in$
$KerR(\mathcal{D}_{r_{\lambda},\eta})$
$\otimes$ Ad $V_{k}^{\pm}$ $P_{k}^{\pm}$ $V_{\lambda}$ $U(n+1)$ highest




















(1) $N$ $\zeta$ $\Lambda\in\Xi_{1}$ $\Lambda\in\Xi_{n+1}$
$Hom_{(\mathfrak{g}c,K)}(\pi_{\Lambda}^{*}, C^{\infty}(G/N;\zeta))=\{0\}$
(2) $N$ $\zeta$ $\Lambda\in\Xi_{k}(k=2,3, \ldots,n)$
dimHom$(9c,K)(\pi_{\Lambda}^{*}, C^{\infty}(G/N;\zeta))$
$=2 \sum_{\underline{>}x_{kk-1}^{\lambda_{1\frac{>}{\mu}\mu_{1}\underline{>}\lambda_{2}\geq\cdot\cdot\geq\geq x_{k-1}}}\underline{>}\underline{>}\lambda_{k+1^{\underline{\frac{>}{>}}\lambda_{k-2}}}\cdots\underline{>}\lambda_{n-1\mu_{n-2}}\underline{>}x_{n}}\dim V_{n-2}(\mu_{1}, \ldots, \mu_{n-2})\mu_{k-2}$
$\underline$2 $(\mu$1, $\mu_{n-2})$ highest weight $(\mu_{1}, \ldots, \mu_{n-2})$
$U(n-2)$






(4) (3) $Q$ $c(Q;a)$
$c(Q;a)=a^{-\sum_{q=1}^{k-1}\lambda_{q}+\sum_{q=k}^{n}\lambda_{q}+\sum_{q=1}^{k-2}q_{q,n-1}-\sum_{q=k}^{n-1}q_{q,n-1}-n+\frac{1}{2}}$
$\cross\{c_{1}(Q)W_{0,\lambda_{k-1}+n-2k+2}(\frac{2\xi}{a})+c_{2}(Q)M_{0,\lambda_{k-1}+n-2k+2}(\frac{2\xi}{a})\}$
$c_{1}(Q),$ $c_{2}(Q)$ $W_{\alpha},\rho(t),$ $M_{\alpha,\beta}$ ( Whittaker
$\pi\wedge\overline{-}$ Bfl $X\backslash \backslash$
(3) $qi,j$ (1)
$l(\leq n-1)$
$+$ ( $\nabla$r$\lambda$ , $\eta\phi$(a)) $=0$
$ql_{2}n-1=$
$\lambda$ $Q$ $c(Q;a)=0$ $\vee$
$q\iota-1,n-2>$
$\lambda$ $Q$







(4) $qi,j$ (3) $Q$ $\sigma_{kn}Q$
$\tau_{kn}Q$
(3) (2) Whittaker model Bernstein
degree ( [M] ) Chang $\mathbb{R}$-rank 1
Berinstein degree ([C] )
79
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